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ON ORDINARY ENRIQUES SURFACES IN POSITIVE CHARACTERISTIC
ROBERTO LAFACE AND SOFIA TIRABASSI
ABSTRACT. We give a notion of ordinary Enriques surfaces and their canonical lifts in
any positive characteristic, and we prove Torelli-type results for this class of Enriques
surfaces.
1. INTRODUCTION
The geometry of surfaces has been a very prolific area of algebraic geometry, since its
birth with the Italian school at the end of the XIX century. Today, it is still one of the
most active areas of research thanks to its many interdisciplinary connections.
Among all surfaces, a very well-behaved class of surfaces is that of K3 surfaces (for an
account over C, see [2, Ch. VII]). The moduli of these surfaces have been extensively
studied, one of the cornerstones of this theory being the Torelli theorem for K3 surfaces.
Let us quickly recall the key points of this important result. If X/C is a K3 surface, a
marking of X is an isometry φ : H2(X, Z) −→ LK3, where LK3 = E8(−1)⊕2 ⊕U⊕3. The
everywhere regular 2-form ωX ∈ H0(X, Ω2X) (i.e. the period) gives via φ a distinguished
1-dimensional subspace of LK3, thereby yielding a point in P(LK3). With respect to the
cup product on H2(X, Z), ωX satisfies the following period relations: ωX.ωX = 0 and
ωX.ωX > 0. This suggests that one should define the period domain as
D := {[x] ∈ P(LK3⊗ C) | x.x = 0, x.x > 0}.
Each marked K3 surface determines a point in D, and in fact every point ofD is attained
by some marked K3 surface (a result known as "surjectivity of the period map"). To get
rid of the markings, one can quotient D by the action of the group of isometries of
LK3, thus obtaining D/O(LK3). A K3 surface X now determines a period point p(X) ∈
D/O(LK3), and the Torelli theorem for K3 surfaces asserts that a K3 surface is indeed
determined by its period point (see [2] for a precise statement).
Closely related to K3 surfaces are Enriques surfaces, which were first discovered by
Enriques as an answer to the question of whether a surface with pg = q = 0 is neces-
sarily rational. Every complex Enriques surface admits a 2:1 étale cover pi : X −→ Y,
where X is a K3 surface equipped with a fixed point free involution σ (called Enriques
involution) which is exactly the non-trivial Deck transformation of the covering map pi.
For these surfaces, a version of the Torelli theorem holds.
Let us define the notion of period for an Enriques surface Y, pi : X −→ Y being its
K3-cover. Choose an Enriques marking of X, that is an isometry φ : H2(X, Z) −→ LK3
such that φ ◦ σ∗ = ρ ◦ φ, where ρ is the involution on LK3 given by ρ(x, y, z1, z2, z3) =
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(y, x,−z1, z3, z2) (here x, y ∈ E8(−1) and z1, z2, z3 ∈ U). The ρ-invariant lattice L+ is
precisely the Enriques lattice E8(2)⊕U(2). The choice of a marking is unique up to an
element of the group
Γ := {g|L− : g ∈ Aut(L), g ◦ ρ = ρ ◦ g},
where L− denotes the anti-invariant lattice of L with respect to ρ. Let us define D− :=
{[x] ∈ Ω : ρC(x) = −x} to be the period domain of Enriques surfaces. The period point
of Y, p(Y) is the image of the period point of (X, φ) in the quotient space D−/Γ. The
Global Torelli theorem for complex Enriques surfaces states that two Enriques surfaces
are isomorphic if and only if they have the same periods.
Moving to positive characteristic, for K3 surfaces we necessarily have to make a dis-
tinction depending on whether the height is infinite or not. In the first case, we are
dealing with supersingular K3 surfaces and a Torelli theorem for such K3 surfaces is
available by work of Ogus if the characteristic of the base field is p ≥ 5. In the latter
case, Nygaard proves a Torelli theorem for ordinary K3 surfaces, that is K3 surfaces with
height h = 1 (these are general in the moduli space of K3 surfaces).
Naturally, one might wonder whether it is possible to push these results to Enriques
surfaces. In this article, we want to study the case of ordinary Enriques surfaces, that is
Enriques surfaces in positive characteristic whose K3-like cover is a smooth K3 surface
of height h = 1.
We briefly describe the content of this work. In Section 2, we discuss ordinary En-
riques surfaces in any positive characteristic and we construct their canonical lifts. This
shows that, for an ordinary K3 surface, the property of having an Enriques quotient is
retained by its canonical lift (Theorem 2.4).
In Section 3, we give a version of Nygaard’s Torelli theorem that works for (polarized)
ordinary Enriques surfaces over finite fields. Although this might have been known to
experts, this illustrates some of the techniques that are used later on.
Afterwards, in Section 4, we discuss a Torelli theorem for (unpolarized) ordinary
Enriques surfaces (Theorem 4.2) over fields whose ring of Witt vector can be embedded
into C. Our setting includes the case of finite fields as a special instance. The upshot is
that an ordinary Enriques surface is determined by the period of its canonical lift.
Finally in Section 5, we construct a groupoid of ordinary Enriques surfaces over finite
fields and, as in Taelman’s work [12], we construct a fully faithful functor to a suitable
category of linear algebra data. This functor turns out to be an equivalence of categories
if one assumes a strong form of potential semi-stable reduction (this is condition (⋆)
in [12]).
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Notation. Throughout the paper, we will be using the following conventions, unless
otherwise specified.
k a perfect field of characteristic p > 0
W ≡ W(k) the ring of Witt vectors over k
Wn ≡ Wn(k) the ring of truncated Witt vectors of length n over k
K the fraction field of W
OL the integral closure of W in L, L being a finite extension of K
ℓ the residue field of OL
B̂r(X) the formal Brauer group of a K3 surface X
Ψ(X) the enlarged formal Brauer group of a K3 surface X
To keep the notation consistent, we will also occasionaly write OK for W. We will be
using subscripts to indicate base changes, and we will often use rings instead of their
spectra in doing so. For example, if X is a scheme over W, XK will denote its generic
fiber and XOL its base change to OL.
2. ORDINARY ENRIQUES SURFACES AND CANONICAL LIFTS
Let Y/k an Enriques surface over a perfect field of characteristic p > 0. If p is odd,
then Y admits an étale two-to-one cover pi : X → Y, where X is K3 surfaces. If p = 2,
then the situation is more complicated (see [3, Ch. I, §.3] for a complete picture) but
still there is a degree two finite and flat morphism pi : X → Y, where X is a K3-like
surface, i.e. a possibly non-normal surface with trivial dualizing sheaf and with the
same cohomology of a K3 surface. We are interested in Torelli-type results for Enriques
surfaces in positive characteristic. To this end, we first recall that a K3 surface X over
a field of positive characteristic is said to be ordinary, if it satisfies one of the following
equivalent conditions:
(i) the Hodge and Newton polygons of H2crys(X/W) coincide;
(ii) the Frobenius endomorphism yields a bijection on H2(X,OX);
(iii) the formal Brauer group of X has height h = 1.
By applying the notion of ordinary K3 surface to the K3-like cover of an Enriques
surfaces, we can introduce the following definition:
Definition 2.1 (Ordinary Enriques surface). An ordinary Enriques surface is an Enriques
surface whose K3-like cover is an ordinary K3 surface.
Remark 2.2. Notice that in characteristic two, an ordinary Enriques surface is precisely
a µ2-Enriques surface, i.e. an Enriques surface Y such that Picτ(Y) ∼= µ2. As it turns
out, µ2-Enriques surfaces are usually called "ordinary" (or "singular") in the literature.
Let Y be an ordinary Enriques surface over k, and let X be its K3-cover. As X is ordi-
nary, we can lift it to W. Moreover, among all lifts of X to W, the canonical lift Xcan/W
of X is particularly well-behaved (see [8]). We will be concerned with properties of X
that are preserved by passing to its canonical lift Xcan, and viceversa which properties
of X can be read off Xcan.
As an example, it would be desirable for the canonical lift of an Enriques K3 surface
X to retain the property of having an Enriques quotient, and we will show that indeed
this is the case. To this end, we begin by discussing a general observation about lifting
4 ON ORDINARY ENRIQUES SURFACES IN POSITIVE CHARACTERISTIC
automorphisms of ordinary K3 surfaces, which has been observed by Kaushal Srivastava
[5, Theorem 4.11]:
Proposition 2.3. Every isomorphism of ordinary K3 surfaces over an perfect field of char-
acteristic p lifts to an isomorphism of their canonical lift.
In [5], the author makes restrictions on the ground field (which is assumed to be
algebraically closed and of odd characteristic) and the proof makes strong use of de-
rived categories and Taelman’s result [12, Theorem C]. Here, we would like to propose
a different approach which uses the canonicity of the canonical lift and deformation
theory.
To this end, let us briefly recall the main property of the canonical lift of an ordinary
K3 surface that we will be using in the following, and we refer to [12, §1] for a concise
but exhaustive introduction.
Let k be a perfect field of characteristic p > 0 and let Λ being a complete local
noetherian ring with residue field k. If X/k is an ordinary K3 surface and X/Λ is a
formal lift of X, then the étale-local exact sequence of Ψ(X) looks like
0 −→ Ψ(X)◦can −→ Ψ(X) −→ Ψ(X)
ét
can −→ 0,
where Ψ(X)◦can is the unique lift to Λ of the unit component Ψ(X)
◦ of Ψ(X), and
Ψ(X)étcan is the unique lift to Λ of the étale part Ψ(X)
can of Ψ(X). In fact, by [1],
Ψ(X)◦ ∼= B̂r(X) canonically.
It follows that we have a map
D̂ef(X)(Λ) −→ Ext1Λ(Ψ(X)
ét
can, B̂r(X)can)
sending a formal lift X to the extension defined above. By [8, Theorem 1.6], this map
is an isomorphism. Therefore, one defines the canonical lift of X over Λ to be unique
lift for which the above extension splits.
Proof. Let X, X′ be two ordinary K3 surfaces over k, and let φ : X −→ X′ be an isomor-
phism. Consider the canonical lift Xcan/W of X, and let Xn/Wn to be the restriction
of Xcan over Wn. Thus we can think of Xcan as the algebraization of the formal scheme
X := {Xn/Wn}.
By [11, Lemma 85.10.6] there is an isomorphism of infinitesimal deformation func-
tors Defφ:X→X′ −→ DefX, thus for every n there exists a deformation X′n over Wn and a
morphism φn : Xn −→ X′n over Wn, which specializes to φ. As being an isomorphism is
an open condition we have that φn is still an isomorphism. Thus we get an isomorphism
of formal schemes φ̂ : X −→ X′.
We want to show that X′ is algebraizable. To this aim let A an ample line bundle on
X. Since Xcan is a lift preserving the Picard group, we can consider the completion Â of
A on X := X̂can . As φ̂ is an isomorphism we have that Â = Φ̂∗M̂ for some line bundle
M̂ on X′. The restriction M of M̂ to X′ pulls back to A which is ample, thus M it is
ample itself. By Grothendieck’s algebraization theorem, we obtain a scheme X ′/W and
an isomorphism Φ : Xcan −→ X ′ specializing to φ.
Notice that X ′ is a priori not the canonical lift of X1. However, since B̂r and Ψ are
functorial (they are defined in terms of cohomology), we obtain the following diagram.
1In fact, we could use at this point Taelman’s result [12, Theorem C] to immediately conclude that
X ′ = X ′can, but we should look for a more natural/functorial approach.
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0 // Ψ(X)◦can // Ψ(X) // Ψ(X)
ét
can
// 0
0 // Ψ(X′)◦can //
φ∗
OO
Ψ(X′) //
φ∗
OO
Ψ(X′)étcan //
φ∗
OO
0
Therefore, the bottom extension splits if and only if the above one does, and we are
done by the definition of canonical lift. 
Now, we apply this result to show that the property of having an Enriques quotient is
transfered from an ordinary K3 surface to its canonical lift.
Theorem 2.4. Let X be an ordinary K3 surface over a perfect field k that admits an
Enriques quotient Y. Then, its canonical lift also admits an Enriques quotient, which is a
lift of Y over W(k).
Proof. We will prove that if σ is an Enriques involution on X, then its lift to its canonical
lift Xcan is also an Enriques involution. Certainly, by Proposition 2.3, σ lifts to an auto-
morphism Σ : Xcan −→ Xcan. Therefore, we need to prove that Σ is an involution and
that it has (geometrically) no fixed points.
By an argument of Lieblich and Maulik [6, Proof Theorem 2.1], we have that the
specialization map sp : Aut(Xcan,K) → Aut(Xk) is injective. In particular σ and Σ have
the same order, hence Σ is an involution.
Finally, suppose that Σ fixes a geometric fixed point s : Spec(Ω) → Xcan, Ω being
an algebraically closed field. Then, by choosing an embedding K →֒ Ω, there is a finite
extension L of K and an L-valued point s : Spec(L) → Xcan which is fixed by Σ. In
turn this will yield, by the valuative criterion for properness a fixed OL-valued point.
Specializing this provides a fixed geometric point for σ, giving a contradiction. 
In light of the above result, the following definition makes sense.
Definition 2.5 (Canonical lift of an Enriques surface). Let Y be an ordinary Enriques
surface over k, with K3 cover X and Enriques involution σ. The canonical lift of Y is the
Enriques quotient Ycan/W of the canonical lift Xcan of X by the (unique) lift Σ of σ to
W.
2.1. On the number of Enriques quotients of an ordinary K3 surface. In this para-
graph, we take a small detour and use Nygaard’s theory of canonical lift for ordinary
K3 surfaces to count the number of their Enriques quotients. In order to do that we
have to fix an embedding ι : W →֒ C, thus we restrict ourselves to perfect fields whose
cardinality is at most that of C. Given a K3 surface X over k, we will denote by Xιcan the
complex K3 obtained from Xcan by base changing through ι. In this notation we have
the following statement.
Proposition 2.6. Let X be an ordinary K3 surface over k, char(k) 6= 2. The number of
Enriques quotients of Xk is equal the number of Enriques quotients of its canonical lift Xιcan
Proof. We are going to show that there is a one-to-one correspondence between invo-
lutions of X which do not fix any geometric point and the primitive embeddings of the
lattice E10 := H(2)⊕ E8(2) into NS(X ιcan) such that
(A) The orthogonal of E10 has no vector with square equal -2
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(B) E10 contains an ample divisor.
The result will follow from the work of Ohashi [10], who proves a similar result over
C. Let σ an involution of Xk without fixed geometric points. By the results of the
first section we can extend it to a free fixed point involution of Xcan/W which in turns
specializes to a free fixed point involution of Xιcan. By [10, Prop. 2.2], there is a uniquely
determined primitive embedding of E10 into NS(Xιcan) satisfying the condition (A) and
(B) above.
Conversely if we have such a primitive embedding, then we get (in a unique way) an
Enriques involution Σ on Xιcan. We will follow the proof of [4, Theorem 2.5] to show
that this specializes to an Enriques involution on X. We remark that Σ is defined over
a finite (intermediate) extension L of K. Then Σ extends to an involution Σ of XOL .
Denote by σ the specialization of Σ to the closed fiber. By Matsusaka–Mumford this
is an involution of X. We see that σ∗ acts as multiplication by −1 on H0(X, ωX) as
Σ does the same. We now claim that σ is an Enriques involution. Indeed, assuming
the existence of fixed points, étale locally around a fixed point2 the representation of
σ = Σ|Xk¯ is given by the matrix
(
1 0
0 −1
)
. Therefore, there is a curve of fixed points
and thus the quotient surface Y := X/σ is smooth. Since the characteristic is odd, the
surface Y can have Kodaira dimension at most zero. Also, Y must be minimal (there are
no (-1)-curves) since Pic(Y) = E10 is an even lattice. By a case-by-case analysis, Y is
not isomorphic to any of the minimal surfaces with vanishing Kodaira dimension, thus
it must be ruled. However, the Picard lattice of minimal ruled surfaces has rank at most
two, contradicting ρ(Y) = 10. This shows that σ is an Enriques involution, and we are
done. 
Remark 2.7. The proof of the above statement shows how, over finite fields, one can
count the number of Enriques quotients of an ordinary K3 surface from the linear alge-
bra data provided by Taelman in [12]. More precisely, to any ordinary K3 surface over a
finite field k, we can associate a triplet (M, F, K), where M := H2(X ιcan, Z), F : M → M
is a lift of Frobenius and K is the ample cone in NS(X ιcan). The proof of 2.6 shows that
The number of Enriques quotients of X is equal to the number of primitive embeddings
of the lattice Enriques lattice E10 = E8(2)⊕H(2) into NS(X ιcan) such that the conditions
(A) and (B) above hold.
3. TORELLI THEOREM FOR POLARIZED ENRIQUES SURFACES OVER FINITE FIELDS
In this paragraph, we study the Torelli problem for ordinary Enriques surfaces in
positive characteristic by using the result of the previous section and Nygaard’s Torelli
theorem for polarized K3 surfaces over finite fields (see [9]).
We will work over Fq (q = pr, r > 0). After fixing an embedding ι : W → C, we
can associate to any ordinary K3 surface X/Fq a complex K3 surface, Xιcan by base-
changing the canonical lift Xcan → W along ι. In addition, there is an endomorphism
F of H2(Xιcan, Z[
1
p ]) such that for every prime ℓ 6= p the canonical comparison isomor-
phism H2(Xιcan, Zℓ) −→ H
2
e´t(XFq , Zℓ) matches F with (the pull-back of) the geometric
Frobenius FX on étale cohomology. In this setting Nygaard’s Torelli theorem can be
stated as follows:
2Here is where we need odd characteristic.
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Theorem 3.1 (Nygaard). Let (X1,M1) and (X2,M2) be two ordinary K3 surfaces over
Fq. Assume that:
(1) there exists an isometry φ : H2(Xι2,can, Z) −→ H
2(Xι1,can, Z) that is compatible
with the polarizations;
(2) there exists a positive integer m > 0 such that φ ◦ FmX1 = F
m
X2
◦ φ.
Then, (X1,M1) ∼= (X2,M2) over Fq.
The results of the previous section give us a theory of canonical lift for ordinary
Enriques surface. Therefore, to any ordinary Enriques surface Y over k we can associate
a complex Enriques surface Yιcan by base-changing its canonical lift Ycan → W. In
this notation we get the following Torelli-type theorem for polarized ordinary Enriques
surfaces, whose proof paves the way towards our results in the rest of this paper.
Theorem 3.2. Let (Y1,L1) and (Y2,L2) be two ordinary Enriques surfaces over Fq. De-
note by (X1,M1) and (X2,M2) respectively their K3 covers equipped with the pull-back
polarization. Assume that:
(1) there exists an isometry φ : H2(Xι2,can, Z) −→ H
2(Xι1,can, Z) that is compatible
with the polarizations;
(2) there exists a positive integer m > 0 such that φ ◦ FmX1 = F
m
X2
◦ φ.
(3) the isometry φ is compatible with the Enriques involutions on the canonical lifts,
that is, Σ∗1,C ◦ φ = φ ◦ Σ
∗
2,C, Σ1 and Σ2 being lifts of the Enriques involution to the
canonical lifts.
Then, (Y1,L1) ∼= (Y2,L2) over Fq.
Proof. By Theorem 3.1 we have that the polarized K3 surfaces (X1, M1) and (X2, M2)
are isomorphic over Fq. However, by looking at Nygaard proof of Theorem 3.1, one
sees that the isomorphism above comes from an isomorphism of integral models.
More precisely, let M1 and M2 be the lift of M1 and M2 to X1,can and X2,can, re-
spectively, and denote by Mιi the restriction of Mi to X
ι
i can. By the Torelli theorem for
complex K3 surfaces, there exists ψ : (Xι1,can, M
ι
1) −→ (X
ι
2,can, M
ι
2) inducing φ (that is,
ψ∗ = φ). The isomorphism ψ is defined over a finite extension L of K = Frac(W).
If we denote by OL the normalization of W in L, we obtain two polarized OL-models
X1,OL := (X1,can,M1) ×W OL and X2,OL := (X2,can,M2) ×W OL whose generic fibers
are isomorphic as polarized varieties. The Matsusaka-Mumford criterion [7] then im-
plies that the isomorphism ΨL on the generic fiber extends to one on the OL-models,
say ΨOL , and therefore to one on the central fibers, say Ψℓ.
By the condition on the isometry φ being compatible with the Enriques involutions,
we can conclude by the argument above that ΨL ◦ ΣL = Σ′L ◦ ΨL. We claim that the
same holds over OL, that is we have the following commutative diagram.
X1,OL
ΨOL
//
Σ1,OL

X2,OL
Σ2,OL

X1,OL
ΨOL
// X2,OL
By [6, Theorem 2.1] and the construction of a lift in Proposition 2.3, the restriction
morphism
Aut(Xi,OL) −→ Aut(Xi,L), Φ 7−→ Φη
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is an isomorphism (here η is the generic point of SpecOL). This implies that also the
morphism
Isom(X1,OL ,X2,OL) −→ Isom(X1,L,X2,L)
is an isomorphism, showing that ΨL lifts to a unique ΨOL . Therefore, as Ψ
−1
L ◦ Σ2,L ◦
ΨL ◦ Σ1,L = idX1,L , it follows that Ψ
−1
OL
◦ Σ2,OL ◦ΨOL ◦ Σ1,OL = idX1,OL as claimed.
By passing to the central fibers, this implies that Ψℓ ◦ σ1 = σ2 ◦ Ψℓ. This means that
the isomorphism is compatible with the Enriques involutions also on the special fibers,
and thus that the Enriques surfaces Y and Y′ are isomorphic over ℓ, which is a finite
extension of k. 
4. TORELLI THEOREM FOR UNPOLARIZED ENRIQUES SURFACES
In this section we aim at proving a Global Torelli Theorem for (unpolarized) ordinary
Enriques surfaces over a perfect field k. In order to run our argument we will need to
fix an embedding ι : W → C, thus we can only consider fields k whose cardinality is at
most that of C. Our strategy consists in considering the canonical lift of a given ordinary
Enriques surface, and base change via ι to C, where we know the result holds true. For
sake of readability, we will not keep track of ι in our notation, although it will always
be understood that one such embedding of W into C is fixed.
Enriques surfaces have a particularly well-behaved deformation theory for line bun-
dles: as H2(OY) = H1(OY) = 0, there is no obstruction to lifting a line bundle and
the lift is unique. Therefore, for a lift Y/W of Y, Pic(Y) ∼= Pic(Y). Since we ulti-
mately want to use the Matsusaka-Mumford criterion, we will need to extend ample
line bundles on the generic fiber YK to the integral model Y/W.
However, although an ample line bundle on YK does indeed extend to a line bundle
on Y , it does not necessarily extend to an ample line bundle. Indeed, this can occur
whenever the central fiber Y of Y has additional (−2)-curves with respect to the generic
fiber. Let us now see when we can overcome this difficulty.
Lemma 4.1. Let Y/k be an Enriques surface, let Y/W be a lift of Y to the Witt vectors
and let LK be an ample line bundle on the generic fiber YK.
(1) If Y is an unnodal Enriques, then LK extends to an ample line bundle L on Y , thus
to an ample line bundle Lk on Y.
(2) Let X be the K3 cover of Y , and assume X := X ×Y Y is the K3-cover
3 of Y. If X
is a Néron-Severi lift of X, then LK extends to an ample line bundle L on Y , thus
to an ample line bundle Lk on Y.
Proof. The first statement follows from the discussion above. As for the second claim,
consider the following commutative diagram.
X //
pi

Xcan
Π

Xcan,Koo
ΠK

Y // Y Ycan,Koo
Let σ (respectively Σ, ΣK) be the Enriques involution on X (respectively Xcan, Xcan,K).
Then, MK := Π∗KLK is an ample line bundle on Xcan,K which is also ΣK-invariant.
3Therefore, if p = 2, we are again assuming that Y is an ordinary Enriques surface.
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Under the isomorphism Pic(Xcan) −→ Pic(Xcan,K) (or rather its inverse), MK extends
to a line bundle M on Xcan, which is Σ-invariant and ample by [6, Proposition 2.4].
Therefore, it specializes to an ample σ-invariant line bundleMk on X, which descends
to a line bundle Lk on Y. By construction, this is the specialization of LK, and we are
done. 
We will prove a Torelli type theorem for Enriques surfaces in positive characteristic
that satisfy the conditions of Lemma 4.1.
Theorem 4.2. Let Y1 and Y2 be two Enriques surfaces satisfying the conditions of Lemma
4.1, and let Y1 and Y2 be their respective lifts to W. If p(Y1,C) = p(Y2,C), then Y1 ∼= Y2
after possibly performing a finite extension of the ground field.
Proof. The proof is a combination of the Torelli theorem for Enriques surfaces over C
and the Matsusaka-Mumford criterion.
If the two Enriques surfaces have the same period points, it follows that there exist
special markings φ1 : H2(X1,C, Z) −→ L and φ2 : H2(X2,C, Z) −→ L on the correspond-
ing K3 covers such that the composite
Φ := φ−11 ◦ φ2 : H
2(X2,C, Z) −→ H
2(X1,C, Z)
is a Hodge isometry.
If Σ1 and Σ2 denote the Enriques involutions on X1,C and X2,C, respectively, fix a Σ∗2-
invariant ample polarization M2,C on X2,C and consider the class M1,C := Φ(M2,C)
on X1,C. Up to the action of an element of the Weyl group, we can assume that M1,C
is ample and Σ∗1-invariant on X1,C, and thus that Φ is an effective Hodge isometry. By
the Torelli theorem for complex K3 surfaces, there exists g : X1,C −→ X2,C such that
g∗ = Φ. In particular, g is an isomorphism of polarized K3 surfaces.
Now, (g ◦ Σ1 ◦ g−1 ◦ Σ2)∗ is the identity on H2(X2,C, Z), hence g ◦ Σ1 ◦ g−1 ◦ Σ2 =
idX2,C . This implies that g descends to an isomorphism fC : Y1,C −→ Y2,C of the En-
riques quotients. Notice that fC is an isomorphism of the polarized Enriques surfaces
(Y1,C,L1,C) and (Y2,C,L2,C), L1,C and L2,C being the quotient polarization: indeed, the
polarizations on the K3 surfaces descend to the Enriques quotients, as they are invariant
under the corresponding Enriques involutions.
Naturally, everything is defined over a finite extension L/K. Let OL be the integral
closure of W in L, and let ℓ be its residue field, which is a finite extension of k. The
Σ∗1,L-invariant polarization M1,L extends (uniquely) to a line bundle M1,OL on X1,OL ,
which is Σ∗1-invariant: this follows from the isomorphism Pic(X1,OL)
∼= Pic(X1,L) and
the commutative diagram below.
X1,L
Σ1,L
//

X1,L

X1,OL Σ1,OL
// X1,OL
By Lemma 4.1M1,OL is ample, thus it descends to an ample line bundle L1,OL on Y1,OL ,
and in turn this yields a polarization on Y1,ℓ. The same considerations can be made for
Y2.
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We are now in the hypothesis of the Matsusaka-Mumford theorem: we conclude
that the isomorphism of polarized pairs fL : (Y1,L,L1,L) −→ (Y2,L,L2,L) extends to an
isomorphism of OL-models fOL : Y1,OL −→ Y2,OL , yielding an isomorphism fℓ : Y1,ℓ −→
Y2,ℓ upon passing to the central fibers. 
As a corollary, we see that the isomorphism class of an ordinary Enriques surface is
determined by that of its canonical lift, as it happens for K3 surfaces.
Corollary 4.3. Let Y1 and Y2 be ordinary Enriques surfaces over k. Then, Y1,can ∼= Y2,can if
and only if (Y1,can)K¯ ∼= (Y2,can)K¯.
Proof. The "if" follows from Theorem 4.2. As to the "only if" implication, we can assume
that the isomorphism in the statement is defined over k. Let φ : Y1 −→ Y2 be this
isomorphism, and let ψ : X1 −→ X2 be its lift to the K3-covers. Then, ψ commutes with
the Enriques involutions, and so does its lift Ψ : X1,can −→ X2,can to the canonical lifts.
Therefore, Ψ descends to an isomorphism Φ : Y1,can −→ Y2,can. 
5. ORDINARY ENRIQUES SURFACES OVER FINITE FIELDS À LA TAELMAN
We now want to apply the results of the previous paragraph to give a description of
Enriques surfaces over finite fields by using linear algebra data in a similar way to what
Taelman does in [12] for K3 surfaces. Let Y be an Enriques surface over a finite field
Fq, and choose, like before, an embedding i : W → C. Let again Y ιcan be the complex
Enriques surfaces obtained from Ycan via extension of scalars through ι.
We now introduce the following two groupoids:
Enord the groupoid of ordinary Enriques surfaces, whose objects are ordinary
Enriques surfaces over Fq and whose arrows are isomorphisms between them;
K3ord the groupoid of ordinary K3 surfaces, whose objects are ordinary K3 surfaces
over Fq and whose arrows are isomorphisms between them.
In order to associate to an ordinary Enriques surface over a finite field some linear
algebra data, we need to first go through the groupoid of ordinary K3 surfaces, which
we know maps fully faithfully onto a suitable groupoid of linear algebra structures
by [12]. Naively, one is let to define a functor Enord −→ K3ord by sending an Enriques
surface to its K3-cover. Unfortunately, this functor is not going to be fully faithful,
and consequently neither will its composition with a suitable functor K3ord −→ HS ,
where here HS is a suitable category of linear algebra data ("HS" stands for "Hodge
Structures"). Indeed, not every isomorphism of K3 surfaces induces an isomorphism of
the corresponding Enriques quotients.
Moreover, any isomorphism φ : Y −→ Y′ between two Enriques surfaces lifts to an
isomorphism φ̂ : X −→ X′ of the corresponding K3-covers which is compatible with
both Enriques involutions. However, φ is also induced by the isomorphisms φ ◦ σ and
σ′ ◦ φ, σ and σ′ being the Enriques involutions on X and X′, so that F is still not fully
faithful.
Nevertheless, observe that given an isomorphism φ : Y −→ Y′ of Enriques surfaces,
its lift φ̂ : X −→ X′ to the K3-covers is unique up to twisting by the Enriques involutions.
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This suggest to consider the following groupoid:
EnK3ord the groupoid of pairs (X, σ), where X is an ordinary K3 surface over Fq,
σ is an Enriques involution, and whose arrows are non-ordered pairs
( f , f ◦ σ), where f is an isomorphism compatible with both involutions.
Notice that the compatibility condition says that ( f , f ◦ σ) = ( f , σ′ ◦ f ), if f : X −→
X′ is an isomorphism as above. Also, given two composable pairs of arrows ( f , f ◦ σ) :
(X, σ) −→ (X′, σ′) and (g, g ◦ σ′) : X′ −→ X′′, the composition (g, g ◦ σ′) ◦ ( f , f ◦ σ) is
obtained as follows: consider all four possible compositions
g ◦ f , g ◦ f ◦ σ, g ◦ σ′ ◦ f and g ◦ σ′ ◦ f ◦ σ,
and notice that the compatibility conditions yields a unique pair of arrows (g ◦ f , g ◦ f ◦
σ) : (X, σ) −→ (X′′, σ′′).
Now, we observe that the lift ΣK of the Enriques involution σ on X/Fq to the canon-
ical lift Xcan,K commutes with the lift FXcan,K of the Frobenius endomorphism FX on X.
This seems known to experts, however we could not find a source so we decide to
include a short argument for the reader convenience. To this aim, note first that, as
X is defined over a finite field, the absolute Frobenius is a morphism of Fq-varieties
and thus it commutes with σ, i.e. σ ◦ FX = FX ◦ σ. By [6], the specialization map
sp : Aut(Xcan,K) −→ Aut(Xk) is injective, whence ΣK ◦ FXcan,K = FXcan,K ◦ ΣK.
In light of this, we can define a groupoid HS of linear algebra data, which will be
our target category. Its objects are the quadruplets (M, F, K, i) where:
• the triple (M, F, K) is as in [12];
• i is an involution of the lattice M, such that
– i ◦ F = F ◦ i;
– Fix(i) ∼= E10;
– Fix(i) ⊂ NS(M, F) and this inclusion is a primitive embedding;
– there is no element δ ∈ NS(M, F), δ2 = −2, orthogonal to Fix(i);
– (K ∩NS(M, F)) ∩ Fix(i) 6= ∅, i.e. Fix(i) contains an integral ample class.
The morphisms inHS are non-ordered pairs ( f , i ◦ f ) of morphisms as in [12] such that
f is compatible with both involutions. We have now two functors
F : Enord −→ EnK3ord and G : EnK3ord −→ HS ,
which are defined as follows: F sends an Enriques surface Y to the pair (X, σ) consisting
of its K3-cover together with the corresponding Enriques involution, and G sends (X, σ)
to the quadruple (
H2(Xιcan, Z), Frob
∗
Xιcan
,Amp(X
Fq
), σ∗
)
.
With these definition, one can prove the following result.
Theorem 5.1. The functor G is fully faithful.
Proof. The functor is clearly well-defined on objects. On morphisms, the condition on
the lift of Frobenius to the canonical lift commuting with the Enriques involution implies
that it is also well-defined on morphisms just by pull-back. Let (X, σ) and (X′, σ′) be
two objects in EnK3ord. Then, the map
HomEnK3ord
(
(X, σ), (X′, σ′)
)
−→ HomHS
(
F(X′, σ′), F(X, σ)
)
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is injective, as there are no non-trivial cohomologically trivial automorphisms on K3
surfaces. If (Φ, Ψ) ∈ HomHS
(
F(X′, σ′), F(X, σ)
)
, then they are both effective Hodge
isometries (see [9]), and therefore the Torelli theorem implies that there exist isomor-
phisms f , g : X −→ X′ such that f ∗ = Φ and g∗ = Ψ = σ∗ ◦Φ. In particular, g = f ◦ σ
and the above map is also surjective. 
Let us now discuss essential surjectivity of G. In order to do this, we need to assume
a strong form of potential semi-stable reduction: this is condition (⋆) in [12].
Proposition 5.2. Assume condition (⋆) holds for all K3 surfaces over K that admit an
Enriques quotient. Then the functor G above is essentially surjective.
Proof. Let (M, F, K, i) be an object in HS . The triplet (M, F, K) corresponds to a K3
surface X/Fq by [12]. By definition, i : (M, F, K) −→ (M, F, K) is a morphism of
triplets (recall that i commutes with F). Therefore, by full faithfulness in [12], there
exists an involution σ : X −→ X such that σ∗ = i. Now, Fix(σ∗) is the Enriques lattice
E10, and thus σ is an Enriques involution by [4]. We conclude that the pair (X, σ) maps
to the quadruplet (M, F, K, i), and we are done. 
Remark 5.3. Alternatively we could have observed that our assumptions on (M, F, i)
and the work of Ohashi [10] imply that the canonical lift of X/Fq is a Enriques- K3
surface with Enriques involution uniquely determined by the embedding of the fixed
locus of i in NS(M, F). Then we can use the proof of Proposition 2.6 to conclude.
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